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10.8 & 10.9
Taylor and Maclaurin Series

In the preceding section we were able to find power series representations for a certain restricted class of functions.
Here we investigate more general problems:

We start by supposing that f is any function that can be represented by a power series.

Which functions have power series representations?
How can we find such representations?

¥
@ f (X) :é_ C, (x- a)n , for any x such that |X- a| <R
n=0

Let's find the coefficients G, .

Therefore,

Theorem

If f has a power series representation (expansion) at a, thet is, if
¥
f(x)=ac,(x-a)", |x-a<R
n=0

f™(a)

then its coefficients are given by the formula C, =




We seethat if f hasapower series expansion at a, then it must be of the following form:

fQa f®a f®fa
= f (a)+—q1(! )(x a)+ Z(! )(x a)’+ " )(x a)’ +..
the Taylor seriesof thefunction f at a.

For the specia case a =0 the Taylor series becomes

¥ (n)
f(x):é—f (O)x”:f(0)+fq(o)x+m(o)x2+fm(o)x3+...
no N! 1! 2! 3l
theMaclaurin seriesof thefunction f at a

Note We have shown that if f can be represented as a power series about a, then f is equal to the sum of its
Taylor series. But there are functions that are not equa to the sum of their Taylor series.

Exercisel Find the Maclaurin series of the function f (X) = €* and itsradius of convergence.

¥Xn

[¢}
Conclusion: If exhasapower series expansion a 0, then e = a F
n=0 'l-



Question:

Theorem

Under what circumstances is a function equal to the sum of its Taylor series?
In other words, if f has derivatives of al orders, when isit true that

r(9=8 i ay -

it f(x)=T,(x)+R,(x), where T, isthe nth-degree Taylor polynomial of f at a and
limR, (x)=0 for |x- & <R,

n® ¥
then f isequal to the sum of its Taylor serieson theinterval |x- a <R.

f(x)=é¥. (a)

=0 n!

(x-a)", with|x- /<R

>

How to Estimate R, ()

Theorem — The Remainder Estimation Theorem

If | f (™D (x)| £M for |X- a| £d (for someinterval around a), then the remainder

R, (X) of the Taylor series satifies the inequality

|R1(x)|£(n|\_:|—1)!|x- o™ for |x- £ d




Exercise2 Prove that € isequal to the sum of its Maclaurin series.

Exercise3  Findthe Taylor seriesfor f (X)=€‘ata=2.

Note: We have two power series for €, the Maclaurin seriesin Exercise 2 and the Taylor seriesin Exercise 3.
Thefirst is better if we are interested in values of x near 0 and the second is better if x is near 2.
Exercise4 Find the Maclaurin series for sinx and prove that it represents sinx for al x.

Exercise5 Find the Maclaurin series for CoSX .

Exercise6 Find the Maclaurin seriesfor f (X) = xcosx.

Exercise7  Represent f (x) =sinx asthe sum of its Taylor series centered at %



Some important Maclaurin series that we have derived in this section and the preceding one

¥
1- X n=0
X X 2 X3 & xn
e=1+—-+—+— —a—
1 21 3 an
SInX:x-—3+X_5_X_7+ =§¥_( )n X2t
3' 5' 7' " n=0 (2n+1)|
2 4 6 ¥ 2n
cosx=1- X +X X4 -8 (X
2! 4! 6! n=0 (Zn)'
X3 X5 X7 X X2n+l
tan ' x=x- —+—-—+.=§ (-1
3 5 7 o 2n+1

forany x1 (- 1,1)

forany x1 (-¥,¥)
forany x1 (-¥,¥)
forany xI (-¥,¥)

forany xT [- 1]

Exercise8

Exercise9

. - 2
a) Evaluate (O~ dX asaninfinite series.

1
b) Evaluate Qe' X dX correct to within an error of 0.001.

Find the first three nonzero terms in the Maclaurin series for

a) e"sin X

b) tan X..







