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10.1 Sequences

A sequenceisa list of numbers written in a given order:

a,a,,...8,,...

Definition1 A sequence of real numbers isafunction
f:N® R

f(n)=a," nl N

Examples of sequences

Some sequences can be defines by giving aformulafor the nth term

) &en 6¥
&n+1g L

2 (V-3)

n=3

Some sequences don't have a simple defining equation

3) { p.} , where p, isthe population of the world on January 1% in the year n

4) {a,} , where a, isthe digit in the nth decimal place of the number e
Some sequences can be defined recursively
5) The Fibonacci sequence { f.}, where f, =1,f,=1and f, =f, _,+f_,,forany n 3

This sequence arose when the Italian mathematician (13" century) solved a problem concerning the breeding of
rabbits.



Definition2  Bounded Sequences

- A sequence (@, ) isbounded above if and only if

thereisMT R suchthat @, £M ," n
- A sequence (a, ) isbounded below if and only if

thereismi R suchthat @, 3 m" n
- A sequence (@, ) isbounded if and only if it is bounded below and above , thet is iff

thereisml Rand MT R suchtha mE£a, £ M," n
- A sequence (a, ) isunboundedif it is not bounded, that s, iff

outside any closed interval [a , b] thereis at least one term of the sequence.

Note that asequence (&, ) is not bounded if it is not bounded above or it is not bounded below or both.

Examples
1 % =(-1)" »C,=-n
1 n-
2 &= 5 v,=(-1)""n
3) b, =2"

Definition3  Increasing/Decreasing Sequences

- A sequence (a,) isincreasing if and only if @, <@, ,,," n3 1.
- A sequence (a,) isdecreasing if andonly if @, >a,,,," N3 1.
- A sequence (&,) isnondecreasing if andonly if @, £a,,,," n3 1.

- A sequence (a,) isnonincreasing if and only if @, 3 a,,,," n3 1.
- A sequence is monotonic if and only if it is either nondecreasing or nonincreasing.

Note: Any increasing sequence is nondecreasing.
Any decreasing sequence is nonincreasing.

1 n
1y a,=1-— )b, =1 3¢, =(-1)



TheLimit of a Sequence

Definition4 A sequence (an) hasthelimit LT R if and only if any neighborhood of L contains all the terms,
except, maybe, afinite number of them.
In other words, |£®r9 a, =L if andonly if we can maketheterms a, ascloseto L aswe like by taking
n
n sufficiently large.
Definition 5 A sequence (&, ) isconvergent if and only if !]ggan =LT R,
A sequence (a, ) isdivergent if and only if Ii@ry@ does not exist (in R ).
Property |i®ngan =L if and only if li@@an - L| =0.
n n
Examples
y B9
8n ﬂ n=1
2 % =(-1)
Theorem The limit of a sequence is unique.
Theorems By adding or eliminating a finite number of terms,

a) aconvergent sequence remains convergent
b) adivergent sequence remains divergent.

By changing the order of theterms
a) of a convergent sequence we obtain another convergent sequence with the same limit.
b) of adivergent sequence we obtain another divergent sequence.




Theorems Any convergent sequence is bounded.
Any nonbounded sequence is divergent.
Examples
D & =N
2)b,=-n
_ n
3 C = (' 1)

Theorem ( The Monotonic Sequence Theorem)

If (a,) isbounded and monotonic, then (a&,) is convergent.

Operations with Conver gent Sequences

Theorem

Let (a,), (b, ) sequences of rea numbers and lima, =a, limb, =b. Then:

y lim(a,+b,)=a%b

n® ¥

o) lim(ka,)=ka, " ki ®

n® ¥

o Im(an) =2

4) 0¥ g —a ifal 0
. a

5) Lg@ry%n=5 it bt 0

6 lima,”=a"if p>0,a,>0.




Theorem ( The Sandwich Theorem for Sequences)

If (a,).(h,),and (c,) are sequences of real numbers and
a,£b, £c_ ,forany n3 n, (beyond someindex n,) and
L|®rgan=I chn:LI R

then

limb =L
n® ¥

Corollary

lima|=0 lima =0
It n®¥Ianl , then n® ¥ q‘

Proof

Theorem ( The Continuous Function Theorem for Sequences)

If (a,) isasequenceof rea numbers and lima, =L, where Lisareal number
n

and f isa continuous function at L, defined for al a, , then

lim f (a,)= f lima,) =  (L).

n® ¥

Theorem ( about using I Hopital s Rule)

If f is afunction defined for all x3 n,,
(a,) isasequence of real numbers,
f(n)=a,,forany n3 n, and
lim f (x) =L,

then Ilman L.

n® ¥

Inn
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Theorem
Let (@, ) be a sequence of real numbers.
u

D 1), MU, =¥ and 8,° U,," N Ny (npfixed), then [IMa, =¥ .
2 1t (V) oo MV, =-¥ Jand @, £v,," N3 1 (nyfixed), then lima, =-¥ .

Theorem

Let (a,).., ad (b,) ., sequences of real numbers,
1)ifa,® ¥ and b, ® b, where bl R, then lim(a, +b,) =¥

. 1¥ if b>0
lim(ab )=
WPER)=1y it beo

2) Ifa,®-¥ and b, ® b, where bl R, then LE@T(an"Lbn):'}‘é

. 1-¥ if b>0
lim(ab )=i
im(ab,) ¥ if b<O

3Ifa,®¥ and b, ® ¥, then lim(a,+b,)=¥

n® ¥

lim(a,b,) =¥

n® ¥

Hlfa ®-¥ andb ® -¥ | then

5ifa,®¥ andb, ® -¥ | then lim(a,b,)=-¥.

Indeterminate Cases ¥ - ¥ ¥ >0,% ,;,00,¥°,1¥

Theorem If a, ® ¥ ,then i® 0.
a,
If &, ® - ¥ | then i® 0.
a,

If b, ® Oand b, >0 forany n3 ny, then é@ ¥,

If b, ® 0 and b, <O forany n3 n,, then bi® -¥ .

n




