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PART Il Sections2.2 & 2.3 - One-Sided Limitsand Infinite Limits

Recall that in finding lim f (x) =L, f must be defined on both sides of a ( not necessarily at a), and f (x) must
approach L as x approachesa from either side. That is why ordinary limits are caled two-sided.

Definition

Theorem

The Heaviside function H is defined by H (1) =12 't <°
11 ifts 0

electrical engineer Oliver Heaviside (1850 — 1925) and can be used to describe an eectric current that

isswitchedon at time t =0.

What can you say about [imH (t)?

. This function is named after the

1) We write
lim f (x) =L

X® &

and sy the left-hand limit of f () asx approachesa[ or the limit of f (X)asx approachesa

from the left] isequal to L if we can make the values of f (x) as closeto L aswelike by taking x to
be sufficiently close to a and lessthan a.

2) We write
lim f (x) =L

x® a*

and say the right-hand limit of f (X) asx approachesa [ or thelimit of f (X)asx approachesa

from theright] isequa to L if we can make the values of f (X) ascloseto L aswe like by taking x to
be sufficiently close to a and more than a.

limf(x) =L ifandonlyif lim f(x)=1limf(x)=L

x® a x®a x® a*




Exercisel

Exercise?2

Exercise3

Exercise4

Exercise5

Exercise6

Show that lim|x|=0.
x® 0

. IX i
Prove that I|mu does not exig.
x® 0 X

Find each limit ( if it exists).

i) B 9l
o lim f(x) e) lim f () f) lim £ (x)
0 lim (4

i-x  ifx£-1
Let g(x)=}1— x? if - 1<x<1-

ll-x-l if x>1

a) Evauate each of the following limits, if it exists.
i) le®rpg(x) i) IX|®rrllg(x)
W fmelx) v imelx)

b) Sketch the graph of g.

Let g(x)zﬁsinl, x>0.
X
a) Does lim g(x)exist?If so, what isit? If not, why not?
x® 0*
b) Does lim g(x) exist?If so, what isit? If not, why not?
X® 0

c) Doeslimg (x) exist? If s0, what isit? If not, why not?

ix if-1£x<0 or0<x£1
Let f(x)={1 if x=0

¥0 ifx>1 or x<-1
a) Graph the function.
b) Find the domain and range.

c) Atwhat pointsc, if any, does lim f (X) exist?

d) At what points does only the left-hand limit exist?
€) At what points does only the right-hand limit exist?

2

iii) limg (x)

W fimg(x)

o 2

-



Exercise?

Exercise8

Solutions

Find the following limits:

. @ X faX+5p - X+§|
c - Yo -t b
a) XI®II:T2]+8X+1£X2+XE ) x|®”jr2]'(x+3) X+2
}3—x if x<2
Let f =i . Find the following:
(X) v 241 if x>2 o
t2
a) 1!@r2rlf(x) b) g)rznf(x) 0) IX|®rr21f(x)
d) xIgp f (x) d) xIgp f (x) e ngrr}f(x)



Important Limits

.1 .
(1) limsin— does not exist.
x® 0 X

@ lim30t -4

t®0

Exercise9 Find the following limits:

a) lim3n3Y
y®0 4y

d Iimxcsc2x
x®0 cOoSshX

9 Iimsin5x
x® 0 gj N4x

Solutions

.2t . X+ Xcosx
b) lim—— c) lim——

t®0 tant x®0 gin XCOS X

.S . 9n(1- cost
e) ||mw f) ||m¥

yeo  ycotdy t®0  1- cost
by im0

x® 0 5| N8X

Answers: a) ¥ b) 2; ¢) 2; d) Y5 €) 12/5; f) 1, g) 5/4; h) 3/8



Infinite Limits(2.2)

Examples Sketch the graph of each function and use it to determine the limit when x approaches 0.

f(x)= 9() ==

Definition1  If fisafunction defined on an open interva about a, except possibly at a itsef, we write
lim f (x) =¥
and say “thelimit of f (X), asx approaches a, is infinity”
if we can make the values of f (x) arbitrarily large ( aslarge aswe like) by taking x sufficiently close
toa (on ether sideof a ) but not equd to a.
Note: Thisdoes not mean that ¥ isanumber. Nor does it mean that the limit exists. It expresses the particular way
in which the limit does not exist. It indicates that the values of f ( X) increase without bound as x becomes
closer and closer to a.

Definition2  If fisafunction defined on an open interval about a, except possibly at a itsaf, we write
lim f (x) =-¥
and say “thelimit of f (X), as x approaches a, is negative infinity”

if we can make the values of f () arbitrarily large negative( as large as we like) by taking x
sufficiently closetoa (on either side of a ) but not equd to a.

Note Thisindicates that the values of f ( x) decrease without bound as x becomes closer and closer to a.

Definition3  Thevertical line X =a iscaled avertical asymptote of the curve y = f (x) if at least one of the
following statements is true:

lim f (x) =¥ lim f (x)= ¥ lim f (x) =¥
x® a xX® a x® a*
ngrgf(x):-¥ Ll@g_]f(x):-¥ Llar;]f(x):-¥



Exercise10  Find the following limits:

lim _2X o lim—t lim In x

3 x®3 ¥ - 3 ) x®1 X - 1 ) Xx® 0
&l 0

d lim tant ) limé=- Inxx ) limin(tan” x)

1@ 2.0 @0 EX 2 0

24

. 5 2X ;

lim— lim =2 i lim—-
9 x®0 2X ) x® -8 X+8 ) x©o xé
Do lim— W lim sect ) lim(1+cscx)

y®0y t®a_929 X® 0

€25

lim X jim X1 mel 1 9

m) x®1* % - 1 ") x®-2° 2X+4 o >I<(I®r(p NEN (x- 1)4’3!%

Answers: Q)¥ ;b)-¥;c)- ¥ ;d)¥ ;¥ ;f)-¥;0) -¥;h)-¥;0)-¥;)) ¥, K¥;)-¥;m)¥;n)-¥;0) ¥

Solutions



