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Sections 2.1, 2.2, and 2.3
What is a Function? Graphs of Functions
Properties of Functions

Definition 1. A functionisarule (relation) that assigns to each element x in a set A exactly one element ,
cdled f(X),inasetB.

2. A function is arelation between two variables: independent variable (input, argument)
and dependent variable (output) that assigns to each independent variable a unique value of
the dependent variable.

We usualy consider functions for which the sets A and B are sets of real numbers.

Thesymbol f (x)isread* f of X" or “f at x” and is called the valueof f at x, or theimageof x under f.
The set A iscalled the domain of the function.

The range of afunction f isthe set of al possible vaues of f ( x) as x varies throughout the domain.

Definition  If y= f(x), the domain of f isthe set of values for the independent variable, x
D, ={x| f(x)1 R}
and the range of f isthe set of values for the dependent variable, y
R, ={y|y= f(x), x Df}

Definition For afunction f that is smooth and continuous on an interval containing a and b,
the aver age rate of change between aand b (from atob) is

f(b)- f(a)

,where al b.
b- a

Definition For afunction f (x) that is smooth and continuous on the interval containing x and

X+h
where h1 0 (constant), the difference quotient for f isdefined as
f(x+h)- f(x)
h

Functions defined by tables

1. The table shows the daily low temperature for a one-week period in New York during July.

Date in July 17 18 19 20 21 22 23

Low ternperature (° F ) 73 77 69 73 75 75 70

a) What was the low temperature on July 19"?

b) When was the low temperature 73°F ?
c) Isthelow temperature a function of the date?
d) Isthe date afunction of the low temperature?
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2. a) Ishafunction of t? Explain.

b)Find f (3), f(2), f(0), f (5)
c) Solve f (x)=0and f (x)=6.

d) Find the domain and range of the function.
€) Graph this function.
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Functions defined by equations

3. Let f(x)=~/x-1.
a) Expressin words how f acts on the input x to produce the output f ().
b) Evaluate f (1), f(3), f (a), f (x+2), f(- x),- f(X),f (x+h).

¢) Find the domain and range of the function.
d) Find the intercepts of the graph (if any).

e) Isthe point (2,1) on the graph?

f)If f(x)=3, whatisx?Wheat point is on the graph?
0) Find the average rate of change from2to 5.
h) Find the difference quotient. Rationalize its numerator and simplify.
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X- 2

a) Find the domain and range.

b)Find g (1), 9(3).9(t).g(a+h)g (xz),g(- X),-g(x),g(x+h).
¢) Find the intercepts of the graph (if any).

d) Find the average rate of change from 1 to 5.

e) Find and simplify the difference quotient.

4. Letg(x)=

5. Let h(x) =- 3x* +5x.
a) Find the domain and intercepts.
b)Find H (- 2),H (- x),-H (), H(x+h).
¢) Find and simplify the difference quotient.

6. Let
Ix*+2x, if x£-1
f(x)= : X, if -1<x£1 apiecewise defined function.
%-1, if x>1
a) What isthe domain?

b Find f(-4),f§?§g,f(-1),f(o),f(zs)

f(a+h)' f(a)’h1 0.

7. Let f(x)=3x+2and f(x) :2—)(1. For each function, find
X_
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8. Let s(t) =11t* +t +100 bethe position, in  miles, of acar driving on astraight road at timett, in

hours.

The car’svelocity a any timetisgivenby v(t) =22t +1.

a) Usefunction notation to express the car’s position after 2 hours. Where is the car then?
b) Use function notation to express the question “ When is the car going 65 mph?’
¢) Whereisthe car when it isgoing 67 mph?

9. Determine whether the equation definesy as a function of x.
X*+y=9, x*+(y -1)2 =4

10.  Find afunction that represents the bottom half of the circle x* +y* =9.

Thevertical linetest:
A graph represents afunction if and only if it passes the verticd line teg, that is,
any vertical line intersects the graph in at most one point.

Definition

Definition

Definition

Definition

Definition

Definition

Suppose that afunction f is defined over aninterval I.If x and x, arein I,
@ f increaseson| iff, whenever x, <x, f(x)<f(%);
b) f decreaseson| iff, whenever x <x, f(x)> f(x,);

c) f isconstant on | iff, for every x,and x,, f(x)=f(x,).

A function f defined on someintervall hasalocal maximum (or relative maximum) at c iff
f (c)3 f(x) for dl x in some open interval containing c. The number f (c)iscalled
alocal maximum value of f.Smilarly, f hasalocal minimum (or relative minimum) at ¢

iff f(c)£ f(x) foralxinsome openinterval containing c. The number f (c)iscalled a
local minimum value of f.

Let f beafunction with domain D. A function f hasan absolute maximum (or global
maximum) at ¢ if f f (c)3 f (x) foral xin D. Thenumber f (c)is called the maximum
value of fonD. Similarly, f hasan absolute minimum atcif f (c) £ f (x) foral xin D,
The number f (c)is caled the minimum value of f on D.

A graph is symmetric about they-axis if and only if , given any point (x, y) on the
graph, the point (- x,y) is also on the graph

A graph is symmetric about the x-axis if and only if , given any point (x, y) on the
graph, the point (x,- y) isalso on the graph.

A graph issymmetric about the origin if and only if , given any point (x, y) on the
graph, the point (- x,- y) isaso on the graph.



Functions defined by graphs

11. a) Find the domain and range of the function.
b) Identify the intercepts on the graph.
oFind f(-3), f(-1) and f(4).
d) Find the absolute maximum and absolute
minimum, if they exist.
€) ldentify any local maximum values or i
local minimum values.
f) Identify the intervals on which the function
isincreasing, decreasing, and constant.

12.
a) Find the domain and range of the function.

b) Find f(1).
c) ldentify the intercepts on the graph.
d) Findal x suchthat f (x)=1.

(4,2)

e) Findadl x suchthat f (x)>1. L , ,
f) Find the absolute maximum and absolute B N L @o
minimum, if they exist.

g) ldentify any local maximum values or
local minimum values.

h) Identify the intervals on which the function o

isincreasing, decreasing, and constant. 3-2) T

13.
Find the domain of each function.

(X =0 +1.9(x)= 2o () = 2 LX) =477 3K, 1 (x) ==

3x- 6 X +x-6 X

1
©o

Definition A function is evenif andonly if f (- x)=f (x).

Definition A function isodd if and only if f (- x)=- f (X)

Theorem A function iseven if and only if its graph is symmetric with respect to the y-axis.

A function isodd if and only if its graph is symmetric with respect to the origin.

14. Determine algebraically whether each function is even, odd, or neither.

f(x)=5x*- x* g(x):xz)i1 h(x) =4x’+5
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The Algebra and Composition of Functions (2.1 & 5.1)

Two functions f and g can be combined to form new functions f +g, f - g, fg,i in amanner similar

to the way we add, subtract, multiply and divide real numbers.

Definition Let f and g be two functions. Let D bethedomainof fand D, thedomainof g. Then:

(f+g)(x)=f(x)+g(x) andthedomainof f +g is D, D, (al real numbers that
are common to the domain of f and the domainif g.)

(f-g9)(x)=f(x)- g(x) andthedomainof f- g is D,ND,

(fg)(x)=f (x)w® (x) andthedomainof fg is D, N D,

X
((x; and the domain of é is the set of all real numbers that are common

to the domain of f and the domain of g such that g(x)* 0

530

g

Definition If f and g are function, then the composite function, or composition, of f and g is

defined as

(feg)(x)=f(g(x))
wherethe domain of f o gisthe set of al numbers x in the domain of g such that
g(x) isin the domain of f.

15. Let f (x) ~1+1 and g(x):l. Find the following:
X X

a) (f+g)(x) and its domain. e) (f+9)(3

b) (f - g)(x)and its domain. f)(fg)(2)

0) ( )( ) and its domain. 9) (f o g)(x) and its domain.
d) 8__ ) and its domain. h) (g f)(x)and its domain.

16. Let f (x)=+/x- 2 and g(x):g. Find the following:
X
f

o g)( x) and its domain.
go f)(x) and its domain.



